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Abstract
We obtain a result labelling the vertices of the ordinary quiver of the principal p-block of
the symmetric group np. Our result is valid in complete generality in all odd characteristics.
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0. Introduction
Let k be a eld of odd characteristic p and let Sn denote the symmetric group of
degree n2N. In [2], the rst author constructs the Ext-quiver of the principal p-block
of kS2p. For this case, the Ext-quiver resembles a lattice of squares in a plane with
some deformation at the edges. Using the abacus notation of James given in [1] and
in particular, the h2pi notation for partitions of 2p introduced by Scopes [6], we nd
that a vertex labelled hi; ji; where 2  i; j  p − 1 and i − j>2; is attached to four
other vertices with the labelling as shown in Fig. 1.
In a series of papers [3{5] the authors have launched into an investigation into blocks
of symmetric groups of large defect. In particular, for the case of the principal p-block
of kS3p considered in [4], the quiver can be thought of as a tessellation of cubes in
R3. We nd that vertices labelled hi; j; li using h3pi notation, where 2  i; j; l  p−1
and i − j>2; j − l>2; are attached to six other vertices (see Fig. 2).
The h2pi and h3pi notation can be generalised in the obvious way to give an hnpi
notation which describes partitions lying in the principal p-block of kSnp. The aim of
this paper is to obtain a general result for the quiver of the principal p-block of kSnp
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Fig. 1. General vertex in defect 2 case.
Fig. 2. General vertex in defect 3 case.
in hnpi notation: we expect certain vertices labelled ha1; : : : ; ani to be attached to the
2n vertices labelled ha1; : : : ; ar  1; : : : ; ani; for 1  r  n. This is the only known result
valid in complete generality for Ext-quivers of certain blocks of symmetric groups in
odd characteristic.
1. Restriction from Snp to Snp−1
We begin by dening our notion of a \general" vertex.
Denition 1.1. A vertex of the quiver of the principal block of kSnp is said to be
a general vertex if it is labelled by a partition  whose np-bead abacus display has
n beads of weight 1 on runners a1; : : : ; an; where 2  a1; : : : ; an  p − 1 is a set of
decreasing integers with ac − ac+1>2 for all 1  c  n − 1. The hnpi notation for 
is ha1; : : : ; ani.
Remark. The conditions holding in Denition 1.1 force p to be \large" relative to n.
In particular, p>n and the defect group of the principal block of kSnp is necessarily
abelian.
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Let B denote the principal block of kSnp. We begin by establishing a rule for the
restriction to Snp−1 of those irreducibles which are represented by a general vertex.
As in the defect 3 case, moving a bead from runner s onto runner s− 1 in the abacus
display of a partition  of B will correspond to restricting the Specht module Sk to the
block Bs of Snp−1 of defect n− 1 with core (s− 1; 1p−s).
Lemma 1.2. Let ~ be a partition whose corresponding Specht module belongs to the
block Bs. Then there are at least two partitions; f1; 2; : : : ; yg; whose corresponding
Specht modules belong to B and
S
~
k "B S1k + S2k +   + Syk :
Proof. The np-element -set of the core of Bs has n+1 beads on runner s−1; n − 1
beads on runner s; and n beads on every other runner. So partitions of Bs can be
displayed in hns−2; n+1; n−1; np−si notation and the factors of S ~k "B are those modules
Sk where  is obtained by moving a bead on runner s−1 one place to the right onto
runner s. There are always at least two beads that can be moved from runner s−1 onto
runner s: when n=3 there are exactly two movable beads (see [4, Lemma 3.2]) but for
n 4 it is possible to choose certain displays with three or more movable beads.
Denition 1.3. Let ~s= f ~2BsjS ~k "B has exactly two factorsg. Then if ~s= f ~1; : : : ;
~mg and f1; 1; : : : ; m; mg is the set of partitions of B such that
Sik #Bs = Sik #Bs = S
~i
k
and i>i; dene s= f1; : : : ; mg and Ms= f1; : : : ; mg.
This provides a partial correspondence between the sets of partitions of B and par-
titions of Bs.
Denition 1.4. Let s :s 7! fpartitions of Bsg be the map i 7! ~i where
Sik #Bs = S
~i
k :
In the case of n=3 (see [4, Denition 3.5]) ~s is the set of all partitions of Bs and
the map s is surjective. For larger n the map s remains well behaved with respect
to lexicographic ordering and to p-regularity. The proofs of Lemmas 3.6 and 3.7 of
[4] apply here with no alteration.
Lemma 1.5.
(1) The map s preserves the lexicographic ordering of partitions.
(2) The partition 2s is p-singular if and only if s() is p-singular.
Using the general form of the decomposition matrix of the symmetric group as in
Theorem 3.9 of [4], we can now determine the restriction of some irreducibles of B
to the defect n− 1 block Bs of kSnp−1.
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Theorem 1.6. Let 2s; 2Ms and ~=s().
(1) Dk #Bs =D
~
k ; D

k #Bs =0.
(2) D ~k "B has two composition factors isomorphic to Dk and one composition factor
equal to Dk ; where S

k #Bs = S
~
k . Any other irreducible factor; D

k ; of D
~
k "B has  62s.
(3) For 2s; the multiplicity of Dk in S k of B is equal to the multiplicity of D ~k
in S
~
k of Bs.
Now, suppose that the irreducible Dk is represented by a general vertex in the quiver
of the principal block of kSnp. Then if = ha1; : : : ; ani; we have 2ai for each 1 
i  n. Therefore, Dk is simple on restriction to each block Bai . By considering an
abacus display with np-s + 1 beads the partition ai() of Bai can be expressed in
hn− 1; np−ai ; (n− 1)ai−2; ni notation.
Lemma 1.7. ai maps a partition = ha1; : : : ; ani of B represented by a general vertex
to a partition of Bai written in hn− 1; np−ai ; (n− 1)ai−2; ni notation as follows:
ha1; : : : ; ani 7! ha1 − ai + 1(p); : : : ; ai−1 − ai + 1(p);
ai+1 − ai + 1(p); : : : ; an − ai + 1(p)i:
Our next aim is to establish which vertices are attached to a vertex representing D ~k
in the quiver of Bs of kSnp−1; where s :  7! ~ and Dk is represented by a general
vertex in the quiver of the principal block B of kSnp. We approach this by considering
a certain sequence on blocks B0; : : : ;Bp−1; in which B0 is the principal block of
kS(n−1)p; Bp−1 is a defect n− 1 block Bs of kSnp−1; and for each v the blocks Bv+1
and Bv form an [n− 1 : 1] pair. We may then be able to comment on the structure of
the quiver of Bs given information about the quiver of B0.
2. On [n− 1 : 1] pairs
We rst consider, in general, some aspects of defect n− 1 blocks forming [n− 1 : 1]
pairs. Such pairs will consist of a block B whose core b=(b1; : : : ; bt) has one more
bead on runner i than on runner i− 1 when displayed on an abacus of p runners with
t + (n− 1)p beads and a block Bi with core b whose (t + (n− 1)p)-bead display is
obtained from that of b by interchanging runners i and i − 1.
Remark. The general denition of an [! : ] pair of blocks was rst given in [6].
Suppose  is a partition of B which has exactly one bead movable from runner i
onto runner i − 1 in its corresponding (t + (n − 1)p)-bead display. Then there is a
unique partition  of Bi such that
Sk # Bi = S k and S k "B= Sk :
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Fig. 3. Abacus displays of mass m.
The display of the partition  is obtained by interchanging the runners i and i − 1 of
the display of  and the partial correspondence  7!  between partitions of B and Bi
preserves lexicographic ordering and p-singularity. Therefore by Scopes [6], when 
is p-regular,
Dk # Bi =D k and D k "B=Dk :
Recall from [5] that the mass of a partition of B is dened as the sum of the weights
of runners i and i − 1 in the corresponding (t + (n − 1)p)-bead display. A partition
whose display has more than one bead movable from runner i onto runner i− 1 must
have a mass greater than 1. In Fig. 3 we consider three particular arrangements of
runners i and i − 1 with mass m>1: the rst has m beads of weight 1 on runner i;
the second has m− 1 beads of weight 1 on runner i − 1 and a single bead of weight
1 on runner i and the third display has m− 2 beads of weight 1 and a single bead of
weight 2 on runner i − 1.
Now, suppose  is a partition of weight n−m and core b such that when displayed
on an abacus of t + (n − 1)p beads the weights of runners i and i − 1 are both
zero. Then we can dene ;  and  to be the partitions of B whose displays are
obtained by replacing the runners i and i − 1 of the display of  by rst, second and
third arrangements of Fig. 3. Then we also have partitions ;  and  of Bi such
that
Sk #Bi  S

k  S

k ; S

k "B Sk  Sk ;
S k #Bi  S

k  S

k ; S

k "B Sk  S k ;
S k #Bi  S

k  S

k ; S

k "B Sk  S k :
Remark. Since a partition  of weight 1 and mass 0 is of the form hci; where 1 
c  p and c 6= i; i− 1; the partitions of mass 2 in the [3 : 1] case of [5] were labelled
c; c and c instead of ;  and .
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We deduce the following properties for the irreducibles Dk ; D

k and D

k of B and
D k ; D

k and D

k of Bi. The proofs of [5, Section 2] apply here with little alteration.
Theorem 2.1.
(1) Dk does not occur as a composition factor of S

k if the display of  has only
one bead movable from runner i onto i − 1.
(2) D k does not occur as a composition factor of S

k if the display of  has only
one bead movable from runner i − 1 onto runner i.
(3) If  is p-regular; D

k # Bi is indecomposable with irreducible head and socle
D k and D

k "B is indecomposable with irreducible head and socle D k .
(4) If  is p-regular; D

k # Bi =D

k and D

k "B=Dk .
(5) If  is p-regular; D

k # Bi =D

k and D

k "B=Dk .
3. The Ext-quiver of kSnp−1
Let Bu denote the block of S(n−1)p+u with core (s − 1; 1u−s+1); where s − 1 
u  p− 1. Then we have a sequence of blocks Bs−1; : : : ;Bp−1; in which Bs−1 is the
principal block of S(n−1)p+s−1; Bp−1 =Bs and for each u the blocks Bu+1 and Bu
form an [n− 1 : 1] pair.
Fig. 4 describes the sequence of blocks Bp−1; : : : ;Bs−1 in terms of abacus displays
of cores as follows:
(1) Start with the (np− s+ 1)-bead display of the core of Bp−1. Then interchange
runners 2 and 1 to obtain the (np−s+1)-bead display of the core of Bp−2. The blocks
Bp−1 and Bp−2 form the rst [n− 1 : 1] pair.
(2) Remove one bead to obtain the (np− s)-bead display of the core of Bp−2. Then
interchanging runners 2 and 1 gives the (np − s)-bead display of the core of Bp−3.
The blocks Bp−2 and Bp−3 form the second [n− 1 : 1] pair.
...
(p− s) Eventually we arrive at the ((n− 1)p+ 3)-bead display of the core of Bs.
Remove one bead to obtain the ((n− 1)p+ 2)-bead display of the core of Bs and
then interchange runners 2 and 1 to obtain the ((n− 1)p+2)-bead display of the core
of Bs−1. The blocks Bs and Bs−1 form the (p− s)th [n− 1 : 1] pair.
Now, given a partition 2s which labels a general vertex of the quiver of B; we
dene a sequence of partitions p−1; : : : ; s−1; where u 2Bu; as follows:
(1) Let p−1 = ~. Then by Lemma 1.7 there is a unique bead movable from runner
2 onto runner 1 in the (np − s + 1)-bead display of p−1. Interchange the runners to
obtain the partition p−2 of Bp−2.
(2) The (np− s)-bead display of p−2 also has a unique bead movable from runner
2 onto runner 1. Interchanging the runners gives a partition p−3 of Bp−3.
...
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Fig. 4. Sequence of the cores of Bp−1; : : : ;Bs−1.
(p − s) Eventually we have a partition s−1 of the principal block of S(n−1)p+s−1
in hn; (n− 1)s−1; n; (n− 1)p−s−1i notation. At each stage the ((n− 1)p − s + u + 3)-
bead display of u is obtained by interchanging runners 2 and 1 of the display of
u+1.
Suppose that the (np − s + 1)-bead display of ~ has a bead of weight 1 on runner
r1; where 2  r1  p− s+ 1. Then the above process transforming the partition p−1
into s−1 will have the eect of shifting this bead p − s spaces to the left. A bead
appearing on runner r2; where p−s+2  r2  p−1; however, will be shifted p−s−1
spaces to the left. Then since
p−1 = ha1 − s+ 1; : : : ; ai−1 − s+ 1; ai+1 − s+ 1; : : : ; ap − s+ 1i
in hn− 1; np−s; (n− 1)s−2; ni notation
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Fig. 5. Sequence of the cores of Bs−1; : : : ;B0.
with 2  aj − s+ 1  p− s+ 1 for j<i and p− s+ 2  aj − s+ 1  p− 1 for j>i;
we have
s−1 = ha1 + 1; : : : ; ai−1 + 1; ai+1 + 2; : : : ; an + 2i
in hn; (n− 1)s−1; n; (n− 1)p−s−1i notation,
= ha1; : : : ; ai−1; ai+1 + 1; : : : ; an + 1i
in h(n− 1)s−1; n; (n− 1)p−si notation.
We now extend the sequence Bp−1; : : : ;Bs−1 of blocks to Bp−1; : : : ;B0 by letting
Bu′ denote the principal block of S(n−1)p+u′ ; where 0  u0  s − 1. Then for each u0
the blocks Bu′+1 and Bu′ form a [n− 1 : 1] pair. The ((n− 1)p + 1)-bead displays of
the cores are given in Fig. 5. The display of Bu′ is obtained from that of Bu′+1 by
moving the bead at position (n− 1)p+ u0 + 1 one space to the left.
We can also extend the sequence p−1; : : : ; s−1 of partitions to p−1; : : : ; 0 by
dening u′ 2Bu′ to be the partition whose ((n − 1)p + 1)-bead display is obtained
from that of u′+1 by interchanging runners u0+2 and u0+1. Then the ((n−1)p+1)-
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bead display of s−1 has a bead of weight 1 on runner r<s if and only if the display
of 0 has a bead of weight 1 on runner r + 1. Any bead of weight 1 on runner r>s;
however, will be unaected when moving from s−1 to 0. Therefore
0 = ha1; : : : ; ai−1; ai+1 + 2; : : : ; an + 2i
in hn; (n− 1)p−1i notation,
= ha1 − 1; : : : ; ai−1 − 1; ai+1 + 1; : : : ; an + 1i
in h(n− 1)pi notation.
Therefore, if  labels a general vertex in the quiver of B; then 0 labels a general
vertex in the quiver of the principal block B0 of kS(n−1)p.
We will now assume for the remainder of the paper that the quiver of the princi-
pal block B0 of kS(n−1)p has the property that every general vertex with labelling
hg1; : : : ; gn−1i in h(n − 1)pi notation is attached to the 2(n − 1) vertices labelled
hg1; : : : ; gr  1; : : : ; gn−1i. With this assumption we nd in the following lemma that
a large part of the structure of the quiver of Bs is inherited from the quiver of B0.
The ultimate aim is to show that our assumption implies the corresponding result for
general vertices in the quiver of the principal block B of kSnp.
Lemma 3.1. Suppose that the quiver of the principal block of kS(n−1)p has the prop-
erty that every general vertex with labelling hg1; : : : ; gn−1i in h(n−1)pi notation is at-
tached to the 2(n−1) vertices labelled hg1; : : : ; gr  1; : : : ; gn−1i; for 1  r  n−1. Then
if 2s corresponds to a general vertex in the quiver of B; and ~= hh1; : : : ; hn−1i in
hn − 1; np−s; (n − 1)s−2; ni notation; the vertex labelled by ~ in the quiver of Bs of
kSnp−1 is attached to 2(n− 1) vertices labelled hh1; : : : ; hr  1; : : : ; hn−1i.
Proof. Let Xv denote the set of partitions labelling vertices which are attached to the
vertex labelled v in the quiver of the block Bv dened above, for 0  v  p − 1.
Then by the assumption, if 0 = hg0;1; : : : ; g0; n−1i in h(n− 1)pi notation, we have
X0 = fhg0;1; : : : ; g0; r  1; : : : ; g0; n−1ij1  r  n− 1g:
In Figs. 4 and 5 the (t + (n− 1)p)-bead display of the core of Bv is obtained from
that of Bv+1 by interchanging runners i and i − 1; where
i=

2 if v  s− 1;
v+ 2 if v  s− 2; t=

v− s+ 3 if v  s− 1;
1 if v  s− 2:
Now, suppose in the quiver of Bv that v= hgv;1; : : : ; gv; n−1i and
Xv= fhgv;1; : : : ; gv; r  1; : : : ; gv; n−1i j 1  r  n− 1g:
If v+1 = hgv+1;1; : : : ; gv+1; n−1i; then since the displays of v and all the partitions
of Xv have a single bead movable from runner i onto runner i − 1; the set Xv+1 will
contain the partitions fhgv+1;1; : : : ; gv+1; r  1; : : : ; gv+1; n−1ig. Furthermore, by Frobenius
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Reciprocity, Xv+1 will not consist of any other partitions of Bv+1 which only have a
single movable bead from runner i onto runner i − 1.
The result will therefore follow by induction if we can show that Xv+1 does not
contain any partition  whose display has more than one bead movable from runner i
onto runner i − 1. There are two cases of  to consider.
Case 1:  has a display with either a bead of weight greater than 1 on runner i or a
bead of weight greater than 2 on runner i− 1. Then Dk #Bv has no composition factor
Dk with 2Xv because  appears too high up the lexicographic ordering. So
(D
v+1
k ; D

k )
1
Bv+1
= (D
v
k "Bv+1 ; Dk )1Bv+1
= (D
v
k ; D

k #Bv)1Bv
= 0:
Case 2:  is of the form ;  or  dened in the previous section. By Theorem
2.1(1) no irreducible of the form Dk occurs as a composition factor of a Specht module
Sk ; where the display of  has only one movable bead from runner i onto runner i−1.
On the other hand, for any partition  whose display has more than one bead movable
from runner i onto runner i− 1; there exists an x 6= i such that the display of v+1 has
a bead of weight 1 movable from runner x onto runner x − 1 while the display of 
has no beads movable onto runner x− 1. The runners x and x− 1 will have the same
number of beads so moving a bead from runner x onto runner x − 1 corresponds to
restricting to a block ~B of defect n − 2. Then D v+1k # ~B is non-zero but Sk# ~B=0 so
D
v+1
k does not occur as a composition factor of S

k . Therefore, the irreducibles D
v+1
k
and Dk never occur simultaneously as composition factors of a Specht module. So the
Cartan number (D
v+1
k ; D

k )= 0; D

k does not occur in the projective cover P(D
v+1
k )
of D
v+1
k and (D
v+1
k ; D

k )
1
Bv+1
= 0. Finally, since no partitions of the form  and 
are in Xv we can immediately eliminate the possibility of partitions of the form 
and  occurring in Xv+1 by statements (4) and (5) of Theorem 2.1 and Frobenius
Reciprocity.
4. Induction from Snp−1 to Snp
To complete our inductive step of determining part of the quiver of B from our
assumption on the structure of the quiver of B0; we show in the following theorem
that if 2s labels a general vertex of the quiver of B; then (Dk ; Dk )1B=1 if and only
if (D ~k ; D
~
k )
1
Bs =1.
Theorem 4.1. If a general vertex of the quiver of B0 labelled hg1; : : : ; gn−1i in h(n−
1)pi notation is attached to the 2(n−1) vertices with labelling hg1; : : : ; gr  1; : : : ; gn−1i;
for 1  r  n− 1; then a general vertex of the quiver of B labelled = ha1; : : : ; ani in
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hnpi notation is attached to the 2n vertices with labelling ha1; : : : ; ai 1; : : : ; ani; for
1  i  n. For each i; if ~=ai() then
Dha1 ;:::; anik
D
~
k "BBai = D
ha1 ;:::;ai+1;:::; ani
k D
ha1 ;:::; ai−1; :::; ani
k :
Dha1 ;:::; anik
Remark. The diagram means that the induced module has a simple socle, a sim-
ple radical quotient, and the radical modulo the socle decomposes as a direct sum
of two simple modules. This remark also applies to the example following Theorem
4.2.
Proof. Suppose there is a partition  62fha1; : : : ; ai 1; : : : ; ani j 1  i  ng with
(Dk ; D

k )
1
B=1. Then for each i; D

k must appear in the second Loewy layer of D
~
k "BBai ; by
Lemma 3.1. By Theorem 1.6, however,  62ai . Since S ~k "BBai  S
ha1 ;:::; ani
k +S
ha1 ;:::; ai−1;:::;ani
k ;
the only values of x where 2x is possible are x= a1+1; : : : ; an+1. Moreover, >
by considering D ~k "BBan .
There are now two cases of  to consider.
Case 1:  has a bead of weight greater than 1 in its np-bead display. Then if 2x
and ~=x(); the induced module D
~
k "BBx has no factor Dk because ~ appears too high
up the lexicographic ordering of partitions of np− 1. So
(D ~k "BBx ; Dk )1B = (D ~k ; Dk #Bx)1Bx
= 0
which implies that (Dk ; D

k )
1
B=0.
Case 2:  has n beads of weight 1 (not all on the same runner as  is p-regular)
in its np-bead display. Then since >; either there is a bead of weight 1 on runner
a1 + 1; or there is at least one bead of weight 1 on each of the consecutive runners
a1; a1 − 1; : : : ; a2; a2 + 1. In both cases it is possible to nd an x such that 2x and
for ~=x(); the induced module D
~
k "BBx only has composition factors Dk with >.
As in Case 1 this implies that (Dk ; D

k )
1
B=0.
By Theorem 1.6 and Schaper, D ~k "BBai has single copies of D
ha1 ;:::; ai+1;:::; ani
k and
Dha1 ;:::; ai−1;:::; anik . So by duality, D
~
k "BBai takes the form above and the result follows.
We can nally state the main theorem of this paper.
Theorem 4.2. For all n  1; a general vertex labelled ha1; : : : ; ani in hnpi notation in
the quiver of the principal block of kSnp is attached to exactly 2n vertices labelled
ha1; : : : ; ar  1; : : : ; ani; where 1  r  n.
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Proof. The result is true for n=1{3 and follows by induction on n.
Example. We end with an example of a general vertex in the quiver of the principal
block of kS4p. Suppose k is a eld of characteristic 17 and consider the partition
h15; 10; 6; 3i (in h417i notation) of the principal block B of kS68 of defect 4. Then by
Lemma 1.7, the restricted module Dh15;10;6;3ik #S67 is semisimple as follows:
Dh15;10;6;3ik #S67 =D
h13;9;6i
k 2B15 in h3; 42; 313; 4i notation
Dh14;11;6ik 2B10 in h3; 47; 38; 4i notation
Dh15;10;5ik 2B6 in h3; 411; 34; 4i notation
Dh13;8;4ik 2B3 in h3; 414; 3; 4i notation.
Then by Theorem 4.1,
Dh15;10;6;3ik D
h15;10;6;3i
k
Dh13;9;6ik "BB15 = Dh16;10;6;3ik Dh14;10;6;3ik ; Dh14;11;6ik "BB10 = Dh15;11;6;3ik Dh15;9;6;3ik ;
Dh15;10;6;3ik D
h15;10;6;3i
k
Dh15;10;6;2ik D
h15;10;6;3i
k
Dh15;10;5ik "BB6 = Dh15;10;7;3ik Dh15;10;5;3ik ; Dh13;8;4ik "BB3 = Dh15;10;6;4ik Dh15;10;6;2ik :
Dh15;10;6;3ik D
h15;10;6;3i
k
So the vertex labelled h15; 10; 6; 3i is attached to the eight vertices with labelling
h16; 10; 6; 3i; h15; 11; 6; 3i; h15; 10; 7; 3i; h15; 10; 6; 4i;
h15; 10; 6; 2i; h15; 10; 5; 3i; h15; 9; 6; 3i; h14; 10; 6; 3i

as expected.
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